We examine the quantum correction to the static energy for Higgs winding configurations of small size. We evaluate the one-loop effective action for such configurations in Weinberg-Salam theory without U (1)-gauge fields or fermions. We use a method that, unlike derivative expansion or functional determinant methods, provides an analytic expression for the effective action in a controlled limit. For a configuration whose size, a, is much smaller than the inverse W-mass, 1/m, and the inverse Higgs mass, 1/m H , the quantum correction to the static energy of a winding configuration goes like m 2 a ln(1/ma)+· · ·. When m H ≫ m, the quantum correction to the static energy goes like m H 4 a 3 ln(1/ma) + · · ·, when a ≪ 1/m while a ∼ O(1/m H ).
I. INTRODUCTION
The Higgs sector in the standard model is a linear sigma model. Such a theory exhibits configurations of nontrivial winding, though they are not stable. Winding configurations in the standard model shrink to some small size and then unwind via a Higgs zero when allowed to evolve by the Euler-Lagrange equations. These winding configurations can be stabilized if one introduces four-derivative Higgs self-interaction terms which are not present in the standard model [1, 2] . The motivation typically cited for introducing such terms is that one may treat the Higgs sector of the Lagrangian as an effective field theory of some more fundamental theory which only manifests itself explicitly at some high energy scale. The stabilized configurations have phenomenological consequences in electroweak processes and provide an arena for testing nonperturbative aspects of field theory and the standard model.
The presence of gauge fields leads to the instability of these solitons [2] , and their decay, whether induced or by quantum tunnelling, is associated with fermion number violation [3] .
In turn, such a mechanism for fermion number violation may have an effect on the early universe and electroweak baryogenesis [4] .
Unfortunately, the procedure just described for stabilization is inconsistent; treating the Higgs sector as an effective theory requires the inclusion of all higher-derivative terms of a given dimension rather than just a few. Moreover, using an effective field theory to stabilize solitons creates difficulties. Effective field theories are equivalent to derivative expansions.
Solitons that are stabilized by introducing the leading-order terms in a derivative expansion imply that the following orders in the expansion will contribute equally as the leading orders. Truncating the derivative expansion, then, is not legitimate.
We will take a different approach; we wish to see whether just the quantum fluctuations of a renormalizable SU(2)-Higgs theory can stabilize winding configurations. We will take the Higgs sector to be that found in the standard model. Consider just the mode associated with the size of a given winding configuration. That mode may be parametrized by the quantity a, the spatial size of the object. The potential for that degree of freedom goes like a + a 3 and energetically favors configurations of zero size. Classically, the degree of freedom will evolve towards a = 0 while losing its energy to radiative modes. Now let us quantize this mode. Even though the system would favor being at a = 0, that would also imply the momentum conjugate to that degree of freedom would also be zero. Heisenberg uncertainty would puff out the expectation value of the size degree of freedom. Note that the size of the soliton will be proportional to Planck's constant to some power. The mechanism described is analagous to that which stabilizes the atom, which is classically unstable. Of course, there are other modes that couple into this situation, making the analysis more complex. Work has been done [5] that investigates quantizing breathing modes in sigma models such as the Higgs sector of the standard model.
In this paper, we identify the quantum effects on the energy of static winding configurations by evaluating the effective action. If quantum effects stabilize solitons, that effect should be reflected by some extremum in the effective action. Evaluating corrections to energies in such a fashion is not a new approach. It has been a focus of investigation in effective meson theories [6] and other areas [7] . Nevertheless, the effective action in these analyses are treated either by a derivative expansion or numerical evaluation of functional determinants. Neither approach yields analytic results that are reliable in the limits used for configurations that are relevant to solitons in electroweak theory.
If we take the weak gauge-coupling limit, g 2 → 0, we can find an analytic expression for the effective action that is a controlled approximation. The weak coupling limit is equivalent to the semiclassical limit when fields are scaled properly. When Planck's constant is small, we need only focus on small field configurations. This observation follows from the scenario described above for stabilizing winding configurations by quantum fluctuations: the size of a stabilized object will be proportional to Planck's constant, and therefore, will be small if it exists. When configuration sizes are small, we find that the dominant contribution to the effective action comes only from a small number of one-loop Feynman diagrams. We also find that taking the limits g 2 → 0 and size → 0 simultaneously is self-consistent and controlled.
We begin by looking at the general form for the one-loop effective action for a given background configuration. We then write down the effective action for winding configurations in SU(2)-Higgs theory. From there we enumerate the terms which are needed to evaluate the leading-order quantum corrections to the energy. We will see that because we are treating small, static winding configurations, we may truncate the infinite series of loop diagrams typically associated with the effective action if we are interested in only the leading-order dependence on size. Finally we show that taking the semiclassical limit and the small-size limit simultaneously can be done consistently. We will discuss two cases. First, we will treat the situation where the size of the winding configuration is much smaller than both the Wmass and the Higgs mass. Next, we will treat the case where the Higgs is heavy compared to the W, but where the size of the object is on the order of the inverse Higgs mass. In both situations, the quantum corrections to the energy are not sufficient to stabilize Higgs winding configurations.
II. THE ONE-LOOP EFFECTIVE ACTION
Let us present a closed-form expression for the Minkowski one-loop effective action for a general renormalizable field theory. Take {Φ(x)} to be the collection of fields of interest.
Then the action that describes the system to one-loop order is The generating functional for all n-particle green's functions is
is the generator of the renormalized connected green's functions as a result of the inclusion of the counterterms. For a given J(x), the expectation value for the field Φ(x) is defined as
Then, the effective action for a given expectation value Φ q (x) of the field variables is
where J(x) is defined in terms of Φ q (x) by the expression (2.3) . It is the functional Γ[Φ q ] that we wish to identify to O(h). We begin by evaluating (2.2) via the saddle point approximation.
The saddle-point configuration, Φ s (x), of the integral (2.2) satisfies the relationship
One can think of equation (2.5) as an implicit expression for Φ s in terms of J, which is in turn is defined in terms of Φ q . To leading order inh, we have
Taking the J variation of this expression for W [J], and using equation (2.3), we find
Φs
. Equation (2.5) implies that the first and third terms on the right hand side of this equation cancel. One is left with
where equation (2.5) was used to change the J-variation to a Φ-variation and (
is a functional operator. From expression (2.6), we find that the Φ s (x) associated with the saddle point and the original Φ q (x) associated with the effective action differ by an expression on the order ofh. Inserting the saddle-point approximation of W [J] into our definition for the effective action (2.4), we find
Inserting equation (2.5) into this expression results in the following
. Now the first two terms on the right hand side of this expression may be rewritten so that
, which we can ignore. Moreover, the determinant can be expanded around Φ q as well. Finally, since S ′ and S differ by O(h), we arrive at the expression for the one-loop effective action
For the case of a gauge theory, this expression is slightly modified. The measure [dΦ] in equation (2.2) contains constraints due to gauge fixing. Our expression for the effective action becomes
where the classical action S[Φ] includes gauge fixing terms and M is the Fadeev-Popov operator that corresponds to that gauge fixing. The result (2.7) is equivalent to the result one expects from the background field method [8] . Nevertheless, the expression for the effective action according to the background field method requires that Φ q be a solution to the classical equations of motion whereas our result (2.7) lifts that restriction. Indeed, we are interested in circumstances where Φ q (x) is not a solution to the classical Euler-Lagrange equations.
Let us take a closer look at the second term in the parentheses in equation (2.7). Let us define the free propagator 
We may rewrite our one-loop effective action (2.7) by extracting the zero-point vacuum part of the counterterm:
A similar procedure may be performed on the Fadeev-Popov determinant, with ∆ F P being the free ghost propagator and V F P being the corresponding insertions. So we may write
Note that S ct is slightly different than was originally defined in (2.1) because the zero-point vacuum action was extracted and combined with other terms.
Each term in the sums in equation (2.9) may be interpreted as a vacuum diagram with n V (x, x ′ )-insertions. Indeed, the n-th term in the series may be written as
where the trace is now over just the field components. The operator V depends on Φ q (x) and is generally nonlocal. For the system we are considering, elements of V (x, x ′ ) will take
We will be primarily interested in working in momentum-space. Equation (2.10) may be rewritten to reflect that choice.
where we define
The integral (2.11) will need to be regularized to treat ultraviolet divergences properly, particularly for small n. The counterterms in (2.9) will subtract out the regularization dependent parts of these integrals. We will work in momentum-space to extract the physically relevant parts of these integrals in order to properly interpret our effective action.
III. VACUUM DIAGRAMS FOR WINDING CONFIGURATIONS
We wish to evaulate the terms (2.11) in the the effective action for SU (2)-Higgs theory.
In order to evaluate these terms, we need to identify the operator δ 2 S/δΦ 2 | Φq and its associated propagator, ∆ 0 (k), and insertion operator, V (k 1 , k 2 ). In this section we find these quantities for static Higgs winding configurations. In the next section we will evaluate the vacuum diagrams for this circumstance of interest. Our field variables {Φ(x)} form the set {A µ (x), φ(x)} where the gauge field A µ (x) = σ a A µa (x)/2 is in the adjoint representation of SU(2) ({σ a } are the Pauli matrices), and the Higgs field φ(x) is in the fundamental representation of SU (2) . The classical action we consider is
where we have chosen the R ξ -gauge and
We have shifted φ(x) by the field φ 0 (x) to ease the process of identifying a propagator.
The parameter m is the mass of gauge field (the W-particle), α is the ratio of the physical Higgs mass to the W-mass, and φ v is the vacuum configuration such that φ 0 (x) − φ v → 0 as |x| → ∞. Our choice of field definition allows the gauge coupling constant g 2 to act as Planck's constant,h. We restrict ourselves to a semiclassical, g 2 → 0 limit.
Let us take our background field φ 0 (x) to have the form
where θ(r = 0) = 2π and θ| r→∞ = 0 and has a characteristic size a. Herex i is the unit vector in the radial direction in space. The Higgs field (3.2) describes a configuration of unit winding number. We are focusing on a very specific situation where the background Higgs field has a fixed magnitude and varies only spatially in a spherical ansatz. We are interested in evaluating our effective action for the circumstances where Φ q = 0. Correspondingly, we are interested in the effective action for the expectation value of the fields {A µ , φ+φ 0 } q = {0, φ 0 }.
We find it convenient to use a different field basis for the Higgs fields. If we define the fields ρ(x) and π a (x) such that
then the second variation of the classical action (3.1) evaluated at {A a µ , ρ, π a } = {0, 0, 0} may be expressed as
where we have used the relationship ρ 0 2 (x) + π a 0 π a 0 (x) = 4m 2 and have defined ρ 0 ′ = ρ 0 −2m.
The momentum space free propagator may then be identified by inserting {ρ v , π
where {ρ 0 , π a 0 } appears above. We have
( 3.4) where we have chosen the contour in complex k 2 -space consistent with a Feynman propagator. From (2.8), we can identify the insertion operator
The Fadeev-Popov operator associated with our gauge-fixing is
Note that this operator is independent of the background configuration φ 0 (x), so it does not contribute to the effective action of configurations we are interested in.
We have thus identified the operators (3.4) and (3.5) necessary to evaluate the vacuum diagrams (2.11) for static Higgs winding configurations in SU(2)-Higgs theory. This is an onerus task; in general, the contribution of each diagram will be of comparable significance to the effective action as any other diagram. In order to facilitate the calculation, we will focus on a regime where the winding configurations have small size. We will see in the next section that this provides a means for identifying the leading order contribution to the effective action through only a few diagrams.
IV. SCALING IN VACUUM DIAGRAMS
In this section we identify the scaling dependence of a vacuum graph with n insertions when the characteristic size of the Higgs winding configuration, a, is small with respect to 1/m. We implement the condition of small, static background configurations by requiring all functionsQ(k) in the insertion operator (3.5) to have support only for k 0 = 0 and |k| ≫ 1/m which implies 0 < −k 2 ≪ 1/m 2 . From the forms for the free propagator (3.4) and the insertions (3.5), vacuum diagrams with n insertions (2.11) have two types. First, one has a purely scalar loop with n insertions and correspondingly n scalar lines. Second, one has n insertions connected by either scalar or gauge lines, but only scalar lines can be consecutive. I.e., an insertion may connect either two scalar lines, or it may connect one scalar line and one gauge line.
Let us focus on just those n-insertion vacuum diagrams with purely scalar loops, as shown in Figure 1 . For the moment, let n > 2. A typical graph will then have the form
where the masses m 0 , m i are either αm or √ ξm. Let us focus on the k-integral, I. Using the Feynman parameters {z i }, we get 
When n > 2, the integral over the Feynman parameters will be an O(1) quantity for a general set {p i } so long as aM ∼ O(1) or smaller, which is the situation of interest. Furthermore, from (3.5) we know that any givenv i will be O(a 3 )δ((p i − p i−1 ) 0 ) so that the contribution to the effective action by this diagram is
where n ′ ≤ n and ǫ = am. We thus see that if we wish to determine the leading-order contribution to the effective action for small winding configurations, we can truncate the scalar loop series at a small number of insertions. This analysis is easily generalized to graphs with internal gauge-field lines. The added complication is the k-dependence in the insertion operator (3.5) where a scalar line is connected to gauge-field line. Nevertheless, these contributions merely act to introduce k-dependence in the numerator of the analog of I({p i }). Let us consider the set of diagrams with l scalar lines and any number of gauge lines that can be appropriately inserted. Then for l > 2, we find that the k-dependence from the insertions for a give gauge-field segment cancels the dimensionality of the extra gauge
propagator. Thus, we will find that
This graph has no α 2 -dependence at its leading order. Moreover, for a given diagram with n insertions, n/2 ≤ l ≤ n − 1. So again, one may truncate the series in l if one wishes to determine the leading-order contribution to the effective action.
Because the {p i } are large, they set the scale for the loop momentum k 2 . We see then that the dominant contributions to Γ[φ 0 ] for small background configurations comes from
Leading order contributions to the effective action.
those diagrams with the fewest insertions, yet have momenta from these insertions running through the loop. The only subtlety occurs for divergent graphs. It turns out that a graph's counterterm does not in general affect the leading scale-dependence of that graph because that counterterm corresponds to a subtraction of O(ǫ 2n−1 ) whereas the graphs that are divergent are O(ǫ 2n−1 ln ǫ).
V. LEADING-ORDER CONTRIBUTIONS
Let us now evaluate the leading order contributions to the effective action. When n = 1, there is no dependence on the momentum of the insertion, so the contribution to the effective action will be that of its vacuum value. Thus, the dominant contribution will come from n = 2:
The terms that result from this diagram may be separated into those coming from purely scalar loops and those coming from scalar-gauge loops. Figure 2a is the leading scalar loop contribution. Letting i, j run over the four components of the Higgs field, Γ
Now, the k-integral appears logarithmically divergent. It will turn out that the counterterm that sutracts the divergence will leave a finite part which is subleading in the size parameter.
Thus we may simply ignore the divergence.
We thus find that (5.1) plus its counterterm is a finite integral
where we have neglect terms subleading in m 2 /p 2 = −ǫ 2 , which is a small, positive parameter.
Let us evaluate the z-integral. Again, we will keep only the leading contribution in ǫ.
implying that the leading-order size contribution from purely scalar loops to the effective action is
The sum ij only occurs over the π a fields if αǫ ∼ O (1) Compare these size dependences to that for the classical energy. From our classical action (3.1), we can see that the classical energy of a static Higgs-winding configuration goes like m 2 a/g 2 . So we see that for very small configurations, quantum fluctuations change the leading order size-dependence of a Higgs-winding configuration. Note, however, that these quantum corrections do nothing to stabilize a winding configuration. Like the classical static energy, the quantum correction to the energy goes to zero as the size of the configuration goes to zero. These observations hold true regardless of the choice of ξ; thus, the result that quantum fluctutations do not stabilize Higgs winding configurations is a gauge-parameter independent one.
Leading order two-loop diagrams
VI. THE LOOP EXPANSION
To ascertain the fidelity of the loop expansion when configurations are small or when the Higgs mass is large, we examine the scale dependence of the two-loop diagrams. We resort to the connection between the effective action and the one-particle irreducible diagrams when examining higher-loop contributions. Since the momentum running through the loops is dominated by the scale 1/a, we again focus on those two-loop diagrams which have the least number of insertions, yet have external momenta running through those loops.
Let us focus first on the case where ma ∼ O(1/α) ≪ 1. Then loops with purely scalar lines will dominate. The dominant term at two-loops is shown in Figure 3a . The scale dependence of this graph is
Thus if g 2 α 2 ≪ 1, the two-loop corrections to the effective action will be smaller than the Thus our two-loop correction is a small correction to our one-loop result so long as g 2 ≪ 1.
For the loop/semiclassical expansion of the effective action, we are in no trouble in taking g 2 → 0 and ma → 0 simultaneously. In the case of a large Higgs mass, we require the condition (gα) 2 → 0 rather than g 2 → 0. The higher-order loop contributions do not affect the results at one-loop so long as parameters are small. This scenario may be contrasted with a derivative expansion of the terms in the effective action, where at the scales of interest, all terms in the expansion are of comparable order.
VII. CONCLUDING REMARKS
Evaluating the quantum correction to the energy of some static background field configuration via the effective action is not a new problem. Much effort has been put into evaluting the functional determinant associated with the one-loop effective action [6, 7] . Nevertheless, the methods employed do not yield results that are both analytic and self-consistent for configurations that are relevant to solitons in electroweak theory. We have found that in the semiclassical and small-size limit, one can evaluate the important contributions to the effective action both analytically and in a self-consistent way. Expressions (5.2) and (5.5) give to the one-loop correction to the effective action for static Higgs-winding configurations of small size which are leading order in size.
We find that bosonic quantum fluctuations do not stabilize Higgs winding configurations in a standard model type SU (2) 
